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Abstract
We theoretically investigate how an antisymmetric spin-orbit coupling emerges in electrons
moving on lattice structures which are centrosymmetric but break the spatial inversion symme-
try at atomic positions. We construct an eﬀective d-p model on the simplest lattice structure,
a zigzag chain of edge-sharing octahedra, with taking into account the crystalline electric ﬁeld,
the spin-orbit coupling, and on-site and inter-site d-p hybridizations. We show that an eﬀective
antisymmetric spin-orbit coupling arises in the sublattice-dependent form, which results in a
hidden spin polarization in the band structure. We explicitly derive the eﬀective antisymmetric
spin-orbit coupling for d electrons, which not only explains the hidden spin polarization but
also indicates how to enhance it.
Keywords: antisymmetric spin-orbit coupling, spatial inversion symmetry, d-p model, hidden spin
polarization
1 Introduction
The spin-orbit coupling (SOC) has attracted much interest as a source of various fascinating
phenomena, such as the anomalous Hall eﬀect [1], multiferroics [2, 3], and noncentrosymmetric
superconductivity [4]. The key concept in these phenomena is the antisymmetric SOC (ASOC),
which originates from the atomic SOC and the hybridization between orbitals with diﬀerent
parity due to the spatial inversion symmetry breaking [5, 6]. The Hamiltonian for the ASOC
is represented as
HASOC(k) = g(k) · σ ∼ (k ×∇Vpot(r)) · σ, (1)
where g(k) is the axial vector with respect to the wave vector k, σ is the spin operator, and
∇Vpot(r) is a potential gradient with odd parity with respect to the spatial inversion.
In general, such ASOC has been discussed in noncentrosymmetric systems, e.g., the systems
with surfaces and in an applied electric ﬁeld. On the other hand, there exist centrosymmetric
systems which possess the ASOC in a hidden form. In these systems, while the inversion center
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exists at some interatomic positions, the spatial inversion symmetry is broken at lattice sites. A
typical example is a one-dimensional zigzag chain, in which the inversion center exists at the me-
dian of each bond, but the inversion symmetry is lost at each lattice site. Similar situations are
also found in, e.g., honeycomb and diamond lattices. In these systems, the loss of inversion sym-
metry at the lattice sites gives nonzero ∇Vpot(r) in Eq. (1) with sublattice dependence, which
may induce the ASOC in a sublattice-dependent form. Such a sublattice-dependent ASOC has
recently attracted attention, as it causes fascinating electronic and transport phenomena, such
as the topological quantum phases [7, 8] and the magnetoelectric eﬀects [9]. Furthermore, it
has also gained interest in strongly correlated electron systems, since it could be a source of
unconventional superconductivity [10] and odd-parity multipole orders [11, 12, 13]. Indeed,
there are several candidate materials which may possess the sublattice-dependent ASOC. For
instance, 1T’-type transition metal dichalchogenides (TMDs) [14, 15] and LnM2Al10 (Ln: lan-
thanide, M : transition metal) [16, 17] include zigzag chains of transition metal and lanthanide
cations, respectively. Although the hybridizations between orbitals with diﬀerent parity play an
essential role, the multi-orbital eﬀects have not been fully studied for the sublattice-dependent
ASOC thus far. In order to explore the exotic quantum phases by the sublattice-dependent
ASOC, it is desired to elucidate how the ASOC depends on the microscopic parameters in
realistic situations with multi-orbitals.
In this paper, we discuss the eﬀective Hamiltonian for a d-p electron system on a zigzag
chain, by taking into account the crystalline electric ﬁeld, the spin-orbit coupling, on-site and
inter-site d-p hybridizations. We show that the d-p model possesses a sublattice-dependent
ASOC, which leads to a hidden spin polarization in the band structure. We explicitly derive
the eﬀective ASOC under the large energy splitting between the d and p levels, which explains
the hidden spin polarization. We clarify that the ASOC depends on the two sets of parameters:
One is a product of the on-site d-p hybridizations due to the local asymmetry at lattice sites
and the intra-sublattice d-p transfer integrals, and the other is a product of two diﬀerent types
of inter-sublattice d-p transfer integrals, whose signs are determined by the zigzag structure.
2 d-p Model on a Zigzag Chain
We consider a one-dimensional zigzag chain composed of edge-sharing octahedra, as shown in
Fig. 1(a). Suppose each cation in the center of octahedron has relevant d orbitals, which largely
overlap with p orbitals in the surrounding ligands. A similar situation is found in, e.g., 1T’-type
TMDs [14, 15]. For simplicity, we consider a tight-binding model for the d and p electrons, by
taking into account the cation sites only, as shown in Fig. 1(b). As the electrons are subject
to the trigonal antiprismatic crystalline electric ﬁeld with D3d symmetry, the d levels split into
the a1g (dz2), and two eg levels, while the p levels split into a single (pz) and twofold (px and
py), as shown in the center of Fig. 1(c). In the following, we take into account three orbitals,
dz2 , px, and py.
First, we consider the transfer integrals on the zigzag chain. We here take into account
nearest- and next-nearest-neighbor hoppings and the on-site d-p hybridization (parity mixing),
as shown in Fig. 2. Note that the parity mixing is allowed by spatial inversion symmetry
breaking at the lattice sites on the zigzag chain, and the sign depends on the sublattice due to
the opposite direction of the potential gradient between the A and B sublattices. The sign of
transfer integrals between px and other orbitals depends on the direction of hoppings. Then,
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Figure 1: (a) Schematic picture of a zigzag chain of edge-sharing octahedra. We consider d
and p orbitals for a cation in the center of each octahedron (red sphere). (b) Schematic picture
of a zigzag chain consisting of the cations. A and B represent the two sublattices. The lattice
constant a is set to be 1. (c) Schematic picture of the atomic energy levels. The rightmost part
shows the levels of dz2 and p± = |lz = ±1, sz ± 12 〉 orbitals in the eﬀective two-orbital model in
Eq. (3). See the text for details.
the Hamiltonian for the electron transfers is given by
Htransfer =
∑
kσ
c†kσ
⎛
⎜⎜⎜⎜⎜⎜⎝
ε′z2z2 ε
′
z2x V0 εz2z2 εz2x −εyz2
ε′∗z2x ε
′
xx 0 −εz2x εxx εxy
V0 0 ε
′
yy εyz2 εxy εyy
εz2z2 −ε∗z2x εyz2 ε′z2z2 ε′z2x −V0
ε∗z2x εxx ε
∗
xy ε
′∗
z2x ε
′
xx 0
−εyz2 ε∗xy εyy −V0 0 ε′yy
⎞
⎟⎟⎟⎟⎟⎟⎠
ckσ, (2)
where c†kσ=(c
†
kAdz2σ
, c†kApxσ, c
†
kApyσ
, c†kBdz2σ, c
†
kBpxσ
, c†kBpyσ); c
†
kρασ(ckρασ) is the creation
(annihilation) operator of an electron for the wave number k, sublattice ρ = (A,B), orbital
α = (dz2 , px, py), and spin σ = (↑, ↓). In Eq. (2), the matrix elements are given by εαα =
2tαα cos(k/2), ε
′
αα = 2t
′
αα cos k, εz2x = 2itz2x sin(k/2), ε
′
z2x = 2it
′
z2x sin k, εxy = 2itxy sin(k/2),
and εyz2 = 2tyz2 cos(k/2), where α=z
2, x, or y, and the prime denotes the next-nearest-neighbor
hoppings.
Next, we take into account the eﬀect of SOC. The atomic SOC splits the px and py levels,
while the dz2 level remains intact, as shown in the rightmost panel in Fig. 1(c). Here, assuming
the large SOC, we take into account only the two bases of p orbitals, |p+〉 = |lz = 1, sz = 12 〉
and |p−〉 = |lz = −1, sz = − 12 〉, together with dz2 , where lz (sz) is the orbital (spin) angular
momentum along the z direction; |lz = ±1〉 = 1√2 (∓|px〉 − i|py〉). In the following, we denote
the time reversal pairs p+ and p− as pσ (σ =↑, ↓). By projecting Eq. (2) onto the Hilbert
space of dz2 and pσ orbitals and taking the d- and p-orbital energy levels as +E0 and −E0,
respectively, we obtain the eﬀective two-orbital d-p model as
Hd−p =
∑
kσ
a†kσ
(
Hˆd Hˆ
σ
dp
Hˆσ†dp Hˆp
)
akσ, (3)
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Figure 2: Schematic pictures of (a) intra-orbital hoppings, (b) inter-orbital hoppings, and (c)
on-site parity mixing.
where
Hˆd =
(
E0 + ε
′
z2z2 εz2z2
εz2z2 E0 + ε
′
z2z2
)
, (4)
Hˆσdp =
(
− 1√
2
(σε′z2x + iV0) − 1√2 (σεz2x − iεyz2)
− 1√
2
(σεz2x + iεyz2) − 1√2 (σε′z2x − iV0)
)
, (5)
Hˆp =
( −E0 + 12 (ε′xx + ε′yy) 12 (εxx + εyy)
1
2 (εxx + εyy) −E0 + 12 (ε′xx + ε′yy)
)
. (6)
In Eq. (3), we take the basis as a†kσ=(d
†
kAσ, d
†
kBσ, p
†
kAσ, p
†
kBσ), where d
†
kρσ (p
†
kρσ) is the creation
operator of the d-orbital (p-orbital) electron for the wave number k, sublattice ρ = A or B, and
σ =↑ or ↓. In Eq. (5), σ takes +1 and −1 for ↑ and ↓, respectively. Note that the oﬀ-diagonal
elements for the inter-orbital hoppings in Eq. (5) are sublattice- and spin-dependent due to the
SOC and the inversion symmetry breaking at lattice sites.
3 Eﬀects of Sublattice-Dependent ASOC
We discuss the inﬂuence of the d-p hybridization term in Eq. (5). Figure 3(a) shows the band
structure of the d-p model in Eq. (3). All the eigenvalues are, at least, doubly degenerate
owing to the time reversal and spatial inversion symmetry. However, it is expected that each
eigenstate has spin dependence as the d-p hybridization term is spin-dependent. In order to
explicitly demonstrate such spin dependence, we plot the z component of the spin polarization
in the d orbital at each sublattice for the n-th eigenstate with the wave number k, namely,
sdz (n, k,A(B)) =
∑
σσ′〈n, k|d†kA(B)σ(σz)σσ′dkA(B)σ′ |n, k〉, in Figs. 3(b) and 3(c). The results
show that there exists a hidden spin polarization; the spin polarization is nonzero at each
sublattice, but the total spin polarization vanishes. The spin polarization is only in the z
component. We here demonstrate this for a deep zigzag chain, where the next-nearest-neighbor
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Figure 3: (a) Electronic band structure of the d-p model in Eq. (3) at E0 = 2.0, tz2z2 = txx =
tyy = −0.3, t′z2z2 = t′xx = t′yy = −1.0, t′z2x = V0 = −0.3, and tz2x = tyz2 = −0.1. (b) and (c)
The same band structure indicating the z component of the spin polarization in the d orbital
for A and B sublattices, respectively.
hoppings are larger than the nearest-neighbor ones, in which the spin polarization becomes large,
as discussed later. We note that, recently, a similar hidden spin polarization in centrosymmetric
systems was discussed by ab initio calculations [18] and experiments for one of TMDs, WSe2 [19].
The origin of this hidden spin polarization is understood by extracting the sublattice-
dependent ASOC from the d-p hybridization. For that purpose, let us assume that E0 is much
larger than the transfer integrals, and derive the eﬀective Hamiltonian by the second-order
perturbation in terms of the electron hoppings [20, 21] as
Hˆσeﬀ = Hˆd − Hˆσdp(Hˆp − E0Iˆ)−1Hˆσ†dp  Hˆd +
1
2E0
HˆσdpHˆ
σ†
dp . (7)
Iˆ is the identity matrix. From the last term in Eq. (7), we can extract the sublattice-dependent
ASOC in the form of
HˆσASOC =
−iV0ε′z2x + iεz2xεyz2
2E0
σρˆz =
(V0t
′
z2x − tz2xtyz2) sin k
E0
σρˆz, (8)
where ρˆz denote the z component of the Pauli matrix describing the sublattice degree of freedom,
A and B. Note that the form of Eq. (8) is consistent with Eq. (1) for the zigzag chain with
the staggered potential gradient in the y direction [9]. The spin and sublattice dependence
in Eq. (8) explains the hidden sublattice-dependent spin polarization in the z component in
Figs. 3(b) and 3(c).
Let us discuss how to enhance the sublattice-dependent ASOC in Eq. (8). HˆσASOC consists
of two contributions, which are proportional to V0t
′
z2x and tz2xtyz2 , respectively. The former
|V0t′z2x| is expected to be larger for a deeper zigzag chain than a shallower one, as |V0| grows by
the enhanced local asymmetry and |t′z2x| becomes larger for the shorter next-nearest-neighbor
bond. On the other hand, the change of the latter |tz2xtyz2 | is diﬃcult to predict, as the deeper
zigzag structure decreases |tz2x|, while it may increase |tyz2 |. As a whole, we expect that the
ASOC becomes larger for a deeper zigzag chain. We note that as the sublattice-dependent
ASOC in Eq. (8) is derived under the strong SOC and the large energy splitting between d and
p orbitals level, more detailed analysis is needed when discussing the ASOC quantitatively.
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4 Summary
We have investigated a sublattice-dependent ASOC hidden in a d-p electron system on a zigzag
chain of edge-sharing octahedra. Starting from an eﬀective d-p model taking into account the
crystalline electric ﬁeld, the spin-orbit coupling, and on-site and inter-site orbital hybridizations,
we showed that the system possesses the sublattice- and spin-dependent d-p hybridization,
which leads to the hidden spin polarization in the band structure. We explained the hidden
spin polarization by deriving the eﬀective sublattice-dependent ASOC for the d electrons. From
the explicit form, we pointed out that there are two contributions in the sublattice-dependent
ASOC. One is the product of the on-site parity mixing due to the local asymmetry at atomic
sites and the intra-sublattice d-p transfer integrals. The other is the product of two diﬀerernt
types of inter-sublattice d-p transfer integrals reﬂected the zigzag structure. Our results provide
the microscopic background for exploring the unusual electronic properties discussed in the
previous works [9, 10, 11, 12, 13]. In addition, our analysis of the sublattice-dependent ASOC
could be extended for other parity-mixing systems, such as s-p and d-f . Indeed, along this
direction, the Kondo lattice model on the zigzag chain with ASOC was recently studied with
bearing f electron systems in mind by two of the authors [22]. Further extensions to other
realistic situations are left for future study.
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